We theoretically study the oscillatory dynamics of a vortex core in a ferrimagnetic disk near its angular momentum compensation point, where the spin density vanishes but the magnetization is finite. Due to the finite magnetostatic energy, a ferrimagnetic disk of suitable geometry can support a vortex as a ground state similar to a ferromagnetic disk. In the vicinity of the angular momentum compensation point, the dynamics of the vortex resemble those of an antiferromagnetic vortex, which is described by equations of motion analogous to Newton's second law for the motion of particles. Owing to the antiferromagnetic nature of the dynamics, the vortex oscillation frequency can be an order of magnitude larger than the frequency of a ferromagnetic vortex, amounting to tens of GHz in common transition-metal based alloys. We show that the frequency can be controlled either by applying an external field or by changing the temperature. In particular, the latter property allows us to detect the angular momentum compensation temperature, at which the lowest eigenfrequency attains its maximum, by performing FMR measurements on the vortex disk. Our work proposes a ferrimagnetic vortex disk as a tunable source of fast magnetic oscillations and a useful platform to study the properties of ferrimagnets.
Ferromagnets are used as platforms to produce GHz magnetic oscillations, e.g., spin-torque and spin-Hall oscillators [1] , which can be used as microwave signal generators. Among them, the core oscillation of a vortex in a microdisk [2, 3] , which is a curling magnetization texture stabilized by magnetostatic energy, stands out because of its high coherence [4, 5] . This advantage allows it to be used in areas requiring highly precise oscillations such as biomedicine [6] . Aside from the dynamics of an isolated vortex, coupled oscillations of vortices in an array of disks have been studied as magnonic vortex crystals [7, 8] . The oscillation can be driven in several ways such as with an external field [9, 10] or with an electric current [4, 5] . Its characteristic frequency is given by
up to the geometric factor, where γ is the gyromagnetic ratio, µ 0 is the permeability constant, and M s is the saturation magnetization. The observed frequency ranges from several hundred MHz up to 2 GHz [3, 5, 10, 11] . See Fig. 1 for some schematic illustrations of vortex disks. Recently, antiferromagnets have been gaining attention as possible hosts of magnetic oscillations that are orders-of-magnitude faster than their ferromagnetic counterparts [12, 13] . For example, a spin Hall oscillator based on an antiferromagnet/heavy-metal heterostructure has been proposed as a possible THz signal generator [14] . However, the possibility of fast oscillations of an antiferromagnetic vortex has not been investigated because, differing from ferromagnetic cases, antiferromagnetic disks do not support a vortex as an equilibrium state due to the absence of magnetostatic energy.
Here, we show that a ferrimagnetic disk can host a stable vortex whose oscillations can be orders-of-magnitude faster than those of ferromagnetic vortices. A ferrimagnetic disk can harbor a vortex as a ground state due to the finite magnetostatic energy [15] , which confines the vortex core to the center of the disk. We show that at the angular momentum compensation point (CP), where the spin density vanishes, the nature of the vortex-core dynamics is antiferromagnetic and in this way the core behaves like a classical particle in a potential well [16] . The characteristic frequency of an oscillation of the vortex core at the CP, which will be derived below, is given by
up to a dimensionless geometric factor. Here, J is the antiferromagnetic exchange energy between neighboring magnetic moments and γ t is the transverse gyromagnetic ratio with respect to the direction of the magnetization. We will show that this frequency is in the range of tens of GHz, e.g., f AFM ≈ 30 GHz for the material parameters of CoTb [17] . As a fast-oscillating source, a ferrimagnetic vortex in a microdisk has two advantages over other proposals using antiferromagnets. First, it can be easily operated by an external magnetic field due to the finite magnetization. Secondly, since the spin density can be con-trolled by changing the temperature [18] , the oscillation frequency can be thermally tuned. In particular, the latter advantage allows us to detect the angular momentum compensation temperature, where the lowest frequency will exhibit its peak, by performing FMR measurements. The high coherence of the vortex oscillation [4, 5] will yield a narrow FMR linewidth. A recent realization of a vortex in an artificial-ferrimagnet microdisk composed of Py/Gd superlattices [19] supports the experimental feasibility of our proposal. Let us begin by deriving the equations of motion for a vortex in a ferrimagnetic disk. We will describe the lowenergy dynamics of a ferrimagnet using coarse-grained variables over the constituent sublattices, following the approach taken by Andreev and Marchenko [20] and subsequently used in Refs. [21] [22] [23] . This approach is based on approximate exchange symmetry and does not use any model representations of the state of the magnet, e.g., the number of sublattices as pointed in Ref. [20] . The collinear order of a ferrimagnet much below the Curie temperature can be described by the unit vector n denoting its direction. Along this direction, a ferrimagnet has the net magnetization, M = M s n, and the net spin density, s = sn, which are related by the (longitudinal) gyrotropic coefficient γ as M = γs. Here, M s is the net saturation magnetization density. There is a class of ferrimagnets such as rare-earth transition-metal alloys, which exhibit two distinct special values of temperature or chemical composition: the angular momentum CP, where the spin density vanishes, s = 0, and the magnetization CP, where the magnetization vanishes, M s = 0 [15] . These two points are different due to the distinct gyromagnetic ratios of constituent sublattices. In particular, at the angular momentum CP, these ferrimagnets have the finite magnetization and the zero spin density [18] , allowing the unconventional coexistence of magnetostatic energy and antiferromagnetic dynamics. The former stabilizes a vortex in the microdisk and the latter yields fast oscillations of the vortex, as will be explained below.
The dynamics of a generic collinear ferrimagnet can be described by the following Lagrangian density [21, 22] :
where n is the unit vector in the direction of the local magnetization, a is the vector potential for the magnetic monopole, ∇ n × a = n, and ρ is the effective inertia density. Here, the first term represents the Berry phase term associated with the spin density; the second term represents the inertia of the dynamics of n which can arise due to the relative canting of sublattice spins; the third term is the free-energy density. This Lagrangian for ferrimagnets can be interpreted as a hybrid of those for ferromagnets and antiferromagnets. We model the free-energy density in the absence of an external field by
Here, the first term is the exchange energy parametrized by the stiffness coefficient A > 0; the second term is the magnetostatic energy, where H ms is the dipolar field induced by the magnetization satisfying the equations ∇ · (H ms + M) = 0 and ∇ × H ms = 0. At the angular momentum CP, s = 0, the kinetic part of the Lagrangian is antiferromagnetic, but the magnetostatic energy is finite owing to the finite magnetization, M s = 0. Recognizing this peculiar coexistence of antiferromagnetic dynamics and magnetostatic energy motivated this work.
The energy dissipation associated with the dynamics can be accounted for by considering the Rayleigh dissipation function, R = s αṅ 2 /2, which is half of the energy (density) dissipation rate. The parameter s α is reduced to the product of the Gilbert damping constant [24] and the spin density in the ferromagnetic limit, ρ → 0.
There is a length scale associated with the energy density U, which is given by λ ≡ A/µ 0 M 2 s . It is referred to as the exchange length at which the magnetostatic energy is comparable to the exchange energy. When a dimension of the sample is larger than the exchange length, the magnetostatic energy dominates the total energy and generates nonuniform ground states. Let us consider a circular ferrimagnetic disk of radius R and thickness L as shown in Fig. 1 . When the thickness is order of the exchange length, L ∼ λ, and the aspect ratio of the thickness to the radius is small enough, g ≡ L/R 0.5, the disk supports a vortex as a ground state [25] . For a quantitative estimate of the geometry of the physical system, let us take the example of Co 1−x Tb x , which exhibits its angular momentum CP at x ≈ 0.17. According to the experimental results in Ref. [17] , the parameters are given by A ≈ 1.4 × 10 −11 J/m and M s ≈ 10 5 A/m at the angular momentum CP, which yields the exchange length λ ≈ 30 nm. Therefore, for example, a disk made of CoTb with thickness L = 100 nm and radius R = 1000 nm would have a vortex as a ground state.
The observed vortex states of magnetic disks can be described by the following ansatz in the spherical-coordinate representation, n = (sin θ cos φ, sin θ sin φ, cos θ): θ = (1 − p)π/2 + 2 arctan( x 2 + y 2 /R c ) for x 2 + y 2 < R c and θ = π/2 otherwise, and φ = ϕ + cπ/2, where R c is the vortex-core radius that is on the order of the exchange length λ [26] . Here, p = ±1 is the direction of the magnetization at the core, n = pẑ, which is referred to as the polarization; c = ±1 corresponds to the counter-clockwise (+) or clockwise (−) rotation of the magnetization in the plane, which is referred to as the chirality. The low-energy dynamics of a vortex can be described by the dynamics of its core position, R(t) = (X, Y ), with the aforementioned ansatz. The equations of motion for the position can be derived from the above Lagrangian and the Rayleigh dissipation function within the collective-coordinate approach, assuming a rigid magnetization profile [22, 27] : where
Here, M represents the mass of the vortex, which originates from the inertial term in the Lagrangian; G parametrize the gyrotropic force on the vortex, which is rooted in the spin Berry phase; D parametrizes the viscous force on the vortex. The right-hand side is the restoring force on the vortex, which has been obtained in Ref. [9] for ferromagnetic vortices. When the vortex core is away from the center of the disk, magnetostatic charges are created on the boundary. The corresponding magnetostatic energy engenders a confining potential for the vortex core, which is parametrized by K.
is a dimensionless number that is on the order of 0.1 for L/R ∼ 0.1. The definition of the function F 1 (x), which is an increasing function of x, can be found in Ref. [28] . Note that the gyrotropic coefficient is proportional to the spin density, G ∝ s, and thus it vanishes at the angular momentum CP.
Let us study the excitation mode for the core dynamics described by the above equation. To this end, it is convenient to express the equations of motion in terms of the complex variable, Ψ ≡ X + iY :
When the damping constant is small, α 1, the main effect of the viscous force is to broaden the linewidth of the excitation spectrum, not to change the spectrum itself, and so we will neglect it henceforth by setting D = 0. The oscillation frequencies of the monochromatic solution, Ψ(t) ∝ exp(iωt), are given by
At the angular momentum CP, where the gyrotropic force vanishes G = 0, the eigenfrequencies are given by co   FIG. 3 . Schematic illustrations of the lowest eigenfrequency ω of the vortex-core oscillation as a function of temperature T , in the vicinity of the angular momentum CP (TCP) subjected to an external field, H = Hẑ. The vortex with polarization p = 1 is considered. For CoTb disks, the maximum eigenfrequency and the crossover field are estimated as ωAFM ≈ 2π × 30 GHz and Hco ≈ 2 T, respectively. See the main text for discussions.
ω ± = ±ω AFM with ω AFM ≡ K/M , which is reduced to Eq. (2) if we recast it in terms of the microscopic parameters using ρ ∼ 2 /Ja 3 with a the lattice constant. The absence of any gyrotropic coupling between X and Y is one characteristic of the antiferromagnetic dynamics of two-dimensional solitons [29] such as vortices [16] and skyrmions [30] . Note that two circularly polarized modes are degenerate at the CP, where the spin configurations respect time-reversal symmetry. Far away from the angular momentum CP, where the gyrotropic force dominates the dynamic part in the equations of motion, the lowest eigenfrequencies are given by ω = −p sgn(γ)ω FM with ω FM ≡ K/|G|, which corresponds to the ferromagnetic case [9] . The crossover between antiferromagnetic and ferromagnetic dynamics occurs when the two frequencies are comparable, ω FM ∼ ω AFM , corresponding to |G| ∼ G co ≡ √ M K. The above equation (8) for general cases can be written as a function of the gyrotropic coefficient G: ω ± /ω AFM = G/2G co ± (G/2G co ) 2 + 1, which is shown in Fig. 2 .
Let us provide a numerical estimate for the antiferromagnetic oscillation at the angular momentum CP. The alloy Co 1−x Tb x at its CP, x ≈ 17, has the exchangestiffness coefficient, A ≈ 1.4 × 10 −11 J/m, and the lattice constant, a ≈ 0.4 nm, which yield the microscopic exchange constant J = Aa ≈ 35 meV [15] . By using the inertia, ρ = 2 /2Jza 3 [23, 31] , where z = 6 is the coordination number for three-dimensional bipartite lattices, and the additional parameters, L/R = 0.1 and R c ≈ λ, we can estimate the eigenfrequency at the CP: f AFM ≡ ω AFM /2π ≈ 30 GHz, which is one order-of-magnitude larger than the observed frequencies in ferromagnetic disks of several hundred MHz up to 2 GHz [3, 5, 10, 11] . For example, for a cobalt disk of the same shape, the ferromagnetic resonance frequency is calculated as f FM ≡ ω FM /2π ≈ 700 MHz when using the saturation magnetization M s ≈ 1.2 × 10 6 A/m measured for 30-nm-thick films [32] .
The dependence of the eigenfrequency on the gyrotropic coefficient can be used to infer the angular mo-mentum CP. For example, when we measure the ferromagnetic resonance (FMR) frequency of the vortex oscillation by varying the temperature across the angular momentum CP denoted by T CP , the lowest resonance frequency should attain its maximum at T CP . In addition, since the rotational directions of the core oscillation below and above T CP are opposite, T CP can be measured by detecting the change of the oscillation direction, which can be probed by time-resolved scanning transmission Xray microscopy [8] . See Fig. 3 for schematic illustrations of the lowest oscillation frequency as a function of a temperature. These methods using a vortex oscillation in a ferrimagnetic disk to determine T CP can be an alternative to a recent proposal based on domain-wall speed measurements [33] .
We now study the effects of an external field applied perpendicular to the disk. In Refs. [16] , it has been shown that the application of an external field can induce a gyrotropic force on antiferromagnetic solitons. The same mechanism works for ferrimagnets. In the presence of an external field, H, the inertial term in the Lagrangian (3) is changed to ρ(ṅ − γ t n × H) 2 /2 [20] . The field-induced dynamical term, −ργ tṅ · (n × H), is linear in the time derivative of n, and thus can be interpreted as the effective geometric phase associated with the magnetic dynamics. When the field is perpendicular to the disk, H = Hẑ, it gives rise to an extra force term in the equations of motion (5) for a vortex within the collective coordinate approach [16] :
where
is the contribution to the gyrotropic coefficient induced by an external field. Its origin can be understood by writing ργ t H in the field-induced kinetic term as χH/γ t by using the relation, ρ = χ/γ 2 t [23] , where χ is the transverse magnetic susceptibility. This induced spin density contributes to the gyrotropic coefficient G [Eq. (6b)]. The crossover field corresponding to the crossover gyrotropic coefficient is given by H co = G co /2πργ t L, which is estimated to be H co ≈ 2T for the aforementioned CoTb disk. The field-induced gyrotropic force can be inferred by performing FMR measurements. See Fig. 3 for schematic illustrations [34] .
To conclude, we have studied the oscillation dynamics of a vortex core in a ferrimagnetic disk. We have shown that the oscillation frequency can be orders-of-magnitude larger than that of a ferromagnetic vortex in the vicinity of the angular momentum CP, where the nature of the dynamics is antiferromagnetic due to the vanishing spin density. This is similar to the recently observed enhancement of the ferrimagnetic domain-wall speed around the angular momentum CP [33] . The vortex oscillation frequency can be tuned by changing the temperature or by applying an external field. Our results exemplify the possibility of using ferrimagnets to realize desired functionalities that have been difficult to achieve with conventional ferro-and antiferromagnets. One possible research topic related to this is the dynamics of a vortex domain wall in a long ferrimagnetic strip, which can be faster than its ferromagnetic counterpart in the vicinity of the angular momentum CP and thus may realize a better racetrack memory [35] .
We made several approximations in this work to describe the dynamics of a ferrimagnetic vortex. First, we obtained the mass of a vortex by assuming that its magnetization profile is rigid. There can be contributions to the mass from deformations of the profile as shown for ferromagnetic magnetic bubbles [36] . Secondly, we neglected the magnetic crystalline anisotropy by assuming that the magnetostatic energy dominates it. We remark that rare-earth transition-metal ferromagnetic alloys are known to have uniaxial crystalline anisotropy. The anisotropy type can be easy axis or easy plane, depending on, e.g., the deposition parameters controlling the structure of the film [37] . Thirdly, the derived equations of motion for the dynamics of a vortex are valid to linear order in the vortex-core displacement. There can arise nonlinear effects beyond our description when the amplitude of oscillations is sufficiently large. Fourthly, when studying the temperature dependence of the eigenfrequencies across the angular momentum CP, we have assumed that the material parameters other than the net spin density, such as the effective inertia or the exchange stiffness, are constant. Smooth variations of those parameters should not affect the dynamics of a vortex significantly.
We thank Oleg Tchernyshyov and Ricardo Zarzuela for discussions on ferromagnetic vortices and comments on the manuscript, and Kyung-Jin Lee for discussions on physical realizations of ferrimagnetic vortex disks. This work was supported by the Army Research Office under Contract No. W911NF-14-1-0016.
